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CALCULATION OF VAN DER WAALS FORCES WITH
DIFFUSE COATINGS: APPLICATIONS TO ROUGHNESS
AND ADSORBED POLYMERS

Raymond R. Dagastine
Michael Bevan
Lee R. White
Dennis C. Prieve
Center for Complex Fluid Engineering and Department of Chemical
Engineering, Carnegie Mellon University, Pittsburgh,
Pennsylvania, USA

A novel method using Lifshitz continuum theory to account for the effects of surface
roughness was developed. The method treats roughness as a diffuse film whose di-
electric properties vary continuously between those of the substrate and those of
the solvent: AFM measurements of surface topography are used to deduce the
volume-fraction profile of substrate in solvent which in turn is converted into a di-
electric-permittivity profile using the Clausius-Mossoti equation as a mixing rule.
Calculations show orders of magnitude of reduction in the van der Waals force
between rough surfaces at contact compared with smooth surfaces, with the
amount of reduction dependent on the shape of the volume-fraction profile as well
as the total depth of the roughness. These predictions help account for discrepan-
cies observed previously between the Total Internal Reflection Microscopy (TIRM)
data and calculations for smooth polystyrene surfaces in water, with or without
physisorbed polymer, without introducing any adjustable parameters.
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INTRODUCTION

Deviations between experimental measurements of colloidal forces
and theoretical predictions are commonly attributed to surface rough-
ness [1, 2]. The mediation of colloidal forces by surface roughness also
is being exploited to tailor dispersion properties (e.g., nanospheres are
adsorbed to larger particles to control the amount and type of rough-
ness in colloidal dispersions) [3]. The van der Waals force is ubiquitous
in colloidal dispersions; between like materials, it is always attractive
and therefore the most common cause of dispersion destabilization.
The significant impact of van der Waals forces on dispersion stability
motivates the development of a method described below to account for
the effects of surface roughness in the modern theoretical description
of van der Waals forces. The strength of adhesion between surfaces in
contact is also strongly dependent on van der Waals forces and can be
affected by roughness.

In its most common form, intermolecular van der Waals attraction
originates from the correlation that arises between the instantaneous
dipole moment of any atom and the dipole moment induced in neigh-
boring atoms. The earliest quantitative theory to describe van der
Waals forces between two colloidal particles, each containing a stat-
istically large number of atoms, was developed by Hamaker, who used
pairwise summation of the atom�atom interactions. This approach
neglects the multibody interactions inherent in the interaction of con-
densed phases. The modern theory for predicting van der Waals forces
in continua was developed by Lifshitz, who used quantum electrody-
namics [4, 5] to account for the many body molecular interactions
and retardation within and between materials. Retardation is a
reduction of the interaction because of a phase lag between the
induced dipole response and instantaneous dipole that caused it;
retardation generally increases with distance between the two dipoles.

In the Lifshitz theory, the magnitude of the nonretarded van der
Waals force is proportional to the product of normalized differences
in the dielectric permittivity e(x) between either of the two interacting
materials (Figure 1, parts 1 and 2) and that of the intervening medium
(Figure 1, part 3), where (at least for the nonretarded case)

Djk ¼ ej � ek
ej þ ek

; ð1Þ

and j and k denote the materials (1, 2, or 3 as shown in Figure 1). The
product D13D23 of the differences needs to be evaluated over the full
spectrum of frequencies, which requires extensive spectroscopic char-
acterization of all the materials. Due to absorption, the dielectric
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function e(x) takes on complex values for real frequencies and is a
highly nonmonotonic function of frequency. Using the mathematical
principle of analytic continuation, this complicated function of real
frequency, x, can be mapped into a monotonically decreasing and
purely real function of imaginary frequency, in. Lifshitz theory was
not widely used until Ninham and Parsegian [6] and others [7�9]
developed a general model for the dielectric function whose para-
meters could be deduced from available absorption spectra by fitting
to a set of damped harmonic oscillators. But even with as many as
18 adjustable parameters in the model, the dielectric spectra of water
cannot be fitted exactly. We recently suggested a new iterative
approach to obtaining the full dielectric spectra from available
data without curve fitting [10, 11] and incorporated more recent
spectroscopic data from inelastic X-ray scattering [12] for water.

In this manuscript we present a new method to incorporate surface
roughness into Lifshitz continuum theory of van der Waals forces. The
rough interface between two adjacent media is treated as a diffuse
region whose dielectric properties vary continuously between those
of the substrate and those of the fluid outside. In the calculations,
we discretize the diffuse region into a series of thin uniform coatings.
The dielectric properties of each coating are based on the volume frac-
tion in that slice, as suggested by Figure 2. Modifications to Lifshitz
theory for the interaction between half spaces coated with multiple
layers has been previously described [13]. The only new information
required is the volume-fraction profile in the rough interface, which
can be obtained via standard topography measurement techniques,
e.g., scanning electron microscopy (SEM) or atomic force microscopy
(AFM). This same approach is also used to calculate the interaction be-
tween halfspaces bearing physisorbed or chemisorbed polymer layers.

FIGURE 1 Two smooth half spaces, 1 and 2, separated by an intervening
medium, 3.

Calculation of van der Waals Forces 367

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
9
:
0
2
 
2
2
 
J
a
n
u
a
r
y
 
2
0
1
1



THEORY

Previous Attempts to Model Surface Roughness

There have been a number of approaches employed to account for the
effects of roughness on van der Waals forces using the linear superpo-
sition approximation. The Hamaker approach employs integrals over
macroscopic volumes, which is conducive to simple geometries such
as spherical or conical asperities on flat surfaces [14, 15] and even
more complicated geometries [16]. A number of such integrations have
been employed, which are well summarized in [16�18], but there has
been far less work on taking surface roughness into account using
continuum theory.

An analytic expression for the nonretarded van der Waals interac-
tion for two parallel rough surfaces was developed by Mazur and
Maradudin [19, 20]. They employed the approach developed by van
Kampen et al. [21], which determines the dispersion relation for the
nonretarded van der Waals force by determining the nonzero surface
modes for propagation of a time-dependent electromagnetic field at
the interface of two surfaces. For two flat surfaces separated by a third
medium, the nonzero surface modes are determined by solving
Laplace’s equation for potential, assuming continuity of potential
and normal displacement at the interfaces. The geometry of an arbi-
trarily rough surface makes applying these boundary conditions more
difficult than for a flat interface. Mazur and Maradudin treat rough-
ness as a stochastic process, such that the boundary conditions are
ensemble averages over a stochastic number of surfaces. They then
solve the dispersion relation analytically in the limit where the ratio
of the surface separation to transverse spacing (of surface features)
is large. The results of [19, 20] also are limited because a vacuum

FIGURE 2 The two-dimensional cross section of two rough solid inter-
faces separated by a liquid is on the left. The two-dimensional cross
section on the right is the result of smoothing the surface roughness laterally
(parallel with the smooth interfaces), converting the rough interfaces to a
series of homogenous coatings with volume fraction, /, varying from solid to
liquid.

368 R. R. Dagastine et al.

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
9
:
0
2
 
2
2
 
J
a
n
u
a
r
y
 
2
0
1
1



separates the two surfaces and a Gaussian distribution of roughness
was used.

Czarnecki and Dabros [22] developed a semiempirical correction
factor to account for surface roughness between parallel half spaces.
Their correction factor was developed by using a pairwise sum-
mation of the intermolecular interactions with a Gaussian distri-
bution for roughness. The correction requires the peak-to-valley
height of the roughness. The interaction between rough half-spaces
was extended to spheres using a geometric correction factor [23].
Although the approach of Czarnecki employs pairwise summation
methods and Mazur and Maradudin [19, 20] apply a continuum
theory, there is a notable correlation between the two studies. They
both conclude that, to leading order, surface roughness can be
accounted for by moving the boundary of the two interfaces further
apart by a distance dependent on the overall height of the surface
roughness.

Bevan and Prieve [2] compared experimental measurements of
retarded van der Waals forces between two polystyrene surfaces
(PS) in water with Lifshitz theory for smooth surfaces and found that
the theory overpredicts the retarded attraction, despite having the
full dielectric spectra for the materials. Treating roughness as a
homogeneous film with dielectric properties midway between PS and
water gave slightly better agreement with experiments, but the
functional form for the separation dependence was not reproduced,
regardless of what weighting factor was used to average the properties
of PS and water. They suggested that a better model for roughness
might be a diffuse film whose properties vary between those of PS
and water. They obtained better agreement by using Czarnecki’s
semiempirical model of roughness.

Several studies of the effects on nonretarded van der Waals forces
between macroscopic bodies with films of inhomogeneous dielectric
properties have been made. Parsegian and Weiss [24] derived the non-
retarded expression for two identical half spaces bearing a coating
with inhomogeneous dielectric properties as a model for adsorbed poly-
mer layers (earlier treatment using a Hamaker approach was done by
Vold [25]). The dielectric properties smoothly varied with distance
from those of the half space to those of the intervening medium. Weiss
and coworkers [26] derived a more general result in order to vary the
functional form of dielectric inhomogeneity in the coating, showing
that for some cases the functional form had a significant effect on
the van der Waals interaction. Kiefer and coworkers [27] derived an
analogous expression for the nonretarded interaction between two
spheres as well.
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Lifshitz Theory for Halfspaces

Hamaker’s linear superposition theory provides a single parameter
(the Hamaker constant) to describe the interaction between macro-
scopic bodies. The interaction energy per unit area, E132, between
two half spaces of media 1 and 2, separated by medium 3, is given
by (as shown in Figure 1)

E132 ¼ � A132

12pL2
; ð2Þ

where A132 is the Hamaker constant and L is the separation distance.
Lifshitz continuum theory, which includes the effects of many-bodied
interactions and retardation, effectively causes the Hamaker constant
to vary with separation distance. The Hamaker function A132(L) for
two infinite half spaces separated by an intervening third medium is
given by [28]

A132 ¼ � 3

2
kbT

X1
n¼0

0
Z1

rn

x ln 1� D13D23e
�x½ � 1� �DD13

�DD23e
�x

� �� �
dx; ð3Þ

Djk ¼ ejsk � eksj
ejsk þ eksj

�DDjk ¼ sk � sj
sk þ sj

s2k ¼ x2 þ 2nnL
c

� �2

ek � e3ð Þ

rn ¼ 2Lnn
ffiffiffiffi
e3

p

c
nn ¼ 2pnkTb

�h
ek ¼ e innð Þ;

where c is the speed of light in a vacuum, kb is the Boltzmann con-
stant, T is temperature, h is Planck’s constant divided by 2p, and
the nn are the sampling frequencies of the dielectric function en(in).
The prime indicates that the first term in the summation has half
weight. The presence of electrolyte in the intervening medium screens
the n ¼ 0 term (see Appendix A). The dielectric permittivity, e(x),
evaluated at a real frequency, x, has a real and imaginary part,

eðxÞ ¼ e0ðxÞ þ ie00ðxÞ; ð4Þ

denoted by 0 and 00, respectively.

Lifshitz Theory with Uniform Coatings

The van der Waals interaction for a single coating on two half spaces
was derived by Ninham and Parsegian [29, 30] via the surface modal
approach developed by van Kampen (and a similar result found by
Langbein [31]). For two symmetric coated half spaces (see Figure 3),
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the D terms in Equation (3) become

D31ðbÞ ¼
D34 þ D41e

� bs4=Lð Þ

1þ D34D41e� bs4=Lð Þ ; ð5Þ

where b is the coating thickness and 4 is the coating material. The
above expression is not restricted to identical coatings [32] on each
half space: if half space 2 is instead coated with material 5, then D31

is still given by Equation (5), but D32 is given by an expression like
Equation (5) except that 1 is replaced by 2, 4 is replaced by 5, and of
course the layer thickness, b, is replaced by its appropriate symbol.

Equation (5) applies to a single coating layer (the case in Figure 3).
If a second layer of thickness, h, of material 5 is added (see Figure 4),

FIGURE 3 Two smooth half spaces with a symmetric homogeneous coating of
material 4 with thickness b.

FIGURE 4 Two smooth half spaces with two symmetric homogeneous coat-
ings of materials 4 and 5 with thickness b and h, respectively.
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then Equation (5) becomes

D31 b;hð Þ ¼ D35 þ D51ðbÞe� hs5=Lð Þ

1þ D35D51ðbÞe� hs5=Lð Þ ; ð6Þ

where D31 is now a function of D51. The new D35 is defined according to
Equation (3) and D51 is defined as in Equation (5):

D51ðbÞ ¼
D54 þ D41e

� bs4=Lð Þ

1þ D54D41e� bs4=Lð Þ : ð7Þ

Combining Equations (6) and (7) leads to the rather complicated
expression,

D31ðb;hÞ ¼
D35 þ D54þD41e

� bs4=Lð Þ

1þD54D41e
� bs4=Lð Þ e

� hs5=Lð Þ

1þ D35
D54þD41e

� bs4=Lð Þ

1þD54D41e
� bs4=Lð Þ e

� hs5=Lð Þ
DcN1: ð8Þ

While the end results may appear convoluted, the general approach out-
lined above can be generalized for N coatings [13] (shown in Figure 5):

D31ðc1; c2; . . . ; cNÞ ¼
D3cN þ DcN1ðc1; c2; . . . ; cN�1Þe� tNsN=Lð Þ

1þ D3cNDcN1ðc1; c2; . . . ; cN�1Þe� tNsN=Lð Þ ; ð9Þ

where ci is the index for the coating material, ti is the thickness andN is
the number of coatings, where

DcN1ðc1; c2; . . . ; cN�1Þ

¼ DcNcN�1
þ DcN�11ðc1; c2; . . . ; cN�2Þe� tN�1sN�1=Lð Þ

1þ DcNcN�1
DcN�11ðc1; c2; . . . ; cN�2Þe� tN�1sN�1=Lð Þ

ð10Þ

and where D3cN and DcNcN�1
above are defined using Equation (3).

FIGURE 5 Two smooth half spaces with an arbitrary number, N, of homo-
geneous with coatings, ci where i ¼ 1. . .N, with a thickness ti.
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Diffuse Coatings as Multilayers

The rough interfacial region is divided into a series of layers (see
Figure 2) such that each layer contains some of the substrate material
and some of the intervening medium. The volume fraction of each
phase is a function of distance from the substrate half space. Each
layer is then treated as a homogenous coating with material properties
that are intermediate between the two materials based on volume
fraction. The volume fraction as a function of distance from the
substrate is easily obtained from measurements of the surface top-
ography. Using the surface topography obtained via AFM or SEM, a
histogram of heights can be constructed and then integrated to
compute the volume fraction as a function of height (e.g., see Figure 6).

The mixing rule for the dielectric properties of each coating is based
on that for solutions. The molecular polarizability of a pure substance
a (a molecular property) is related to the dielectric permittivity (a con-
tinuum property) via the Lorentz-Lorenz formula� [34],

eðxÞ � 1

eðxÞ þ 2
¼ 4p

3
qa; ð11Þ

FIGURE 6 Bearing analysis for an AFM image (Figure 15) of a glass surface.
The histogram of heights is integrated to produce the volume fraction of glass
as a function of depth.

�Equation (11) has also been called the Clausius-Mossoti formula [33].
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where q is the number density of molecules. If the molecules of a mix-
ture are polarized to the same extent that they would be in a pure sub-
stance, then Equation (11) can be generalized for mixtures to [34]

eðxÞ � 1

eðxÞ þ 2

� �
mixture

¼ 4p
3

X
i

qiai; ð12Þ

where the sum is over the molecular species, i. Recognizing that the
number density of a pure substance is q ¼ 1=vm, then (in the absence
of any volume change on mixing) the number density of component i in
a mixture can be written as qi ¼ /i=vmi, where /i is the volume fraction
of material i. Using Equation (11) to eliminate vmi, Equation (12) becomes

eðxÞ � 1

eðxÞ þ 2

� �
mixture

¼
X
i

/i

eðxÞ � 1

eðxÞ þ 2

� �
i

: ð13Þ

While this mixing rule has been shown to work reasonably well for solu-
tions like sulfuric acid and water [34], its suitability for dispersed phases
of two immiscible components is less well established. In the limit in
which the two phases are dispersed finely enough in one another so that
the size of any given particle is very small comparedwith thewavelength,
themixturemight be expected to obey the samemixing rule as a solution.

The above mixing rule is applicable for electronic polarization of a
material, but the Lorentz-Lorenz formula does not apply at zero
frequency because the predominant contribution to static dielectric
constant of water arises from orientational polarization of permanent
dipoles [35]. For zero frequency, an arithmetic mixing rule based on
volume fraction is used:

eð0Þmixture ¼
Xk
i¼1

/ieið0Þ; ð14Þ

where ei(0) is the static dielectric constant for material i. Dielectric
properties of each coating are determined from Equations (13) and
(14), and then Equations (2) through (10) are used to calculate the
Hamaker function and interaction energy.

RESULTS AND DISCUSSION

Uniform Coatings: Coating Properties versus Substrate
Properties

Figure 7 shows the Hamaker function between two identical PS half-
spaces coated by a film of tetradecane (TD) and separated by water
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containing 0.1mM electrolyte. Also shown for comparison are the
Hamaker functions between two uncoated PS halfspaces and two
uncoated TD halfspaces. Notice that the Hamaker function for the
coated halfspaces always tends toward that of the two uncoated TD
halfspaces at small separations and tends toward that of the two
uncoated PS halfspaces at large separations. Thus, the properties of
the coating completely mask those of the substrate at small separa-
tions, whereas, the coating is completely invisible at large separations
[28]. This conclusion will be important below when the interaction
between rough surfaces is discussed.

At moderate separations, the Hamaker function for two coated half-
spaces is a weighted average of that between two uncoated halfspaces
of the substrate material and that between two uncoated halfspaces of
the coating material, with the weighting factor for the coating

FIGURE 7 The Hamaker function for two PS half spaces separated by water
with a coating of tetradecane (TD) with an increasing thickness (according to
the schematic in Figure 3). The two limiting cases (two PS surfaces separated
by water and two TD surfaces separated by water) bracket the coating results.
Once the coating has reached 100nm there is no visible difference between the
coating and TD surface case.
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material decreasing monotically from unity at zero separation to zero
at infinite separation. The weighting factor is approximately 0.5 at a
separation distance equal to three times the coating thickness [28].
The conclusion, that the weighting factor depends on the ratio of the
separation to the coating thickness, is also apparent in Equation (5),
where the inverse of this ratio appears in the exponent.

Roughness as Diffuse Coating

A series of functional forms were employed to differentiate the effects
of the distribution of material in the roughness layer. Different
functional forms, which may be encountered in practice, were
employed for the same overall roughness thickness. Either an expo-
nential or ellipsoidal form were used (shown in Figure 8) with the
linear decreasing function included for comparison. The ellipsoidal

FIGURE 8 The volume fraction profiles for three different functional forms;
linear, exponential decay, and for closed packed monolayer of spheres
adsorbed to a smooth surface.
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density function is the result of compiling the density function for a
flat surface with a closed, packed monolayer of nanospheres adsorbed
on the surface. The volume fraction for a monolayer of spheres as a
function of surface depth is given by

/sphere ¼
3pð2ad� d2Þ

6
ffiffiffi
3

p
a2

; ð15Þ

where a is the radius of the sphere and d is the position (0�d� 2a).
This type of surface modification is one way to control surface rough-
ness in colloidal dispersions.

The number of layers is increased until no visible effect is observed
on the calculated Hamaker function. An example of this determination
is shown in Figure 9, where the exponential volume fraction function
(given in Figure 8) is used for two PS halfspaces separated by water.

FIGURE 9 The Hamaker function for rough polystyrene surfaces separated
by water in the presence of 0.1mM binary electrolyte with an exponential
volume fraction profile (from Figure 8) using the lateral smoothing procedure.
The 50nm diffuse region on either surface was discretized into 5, 10, 20, or 50
uniform layers (lower to upper curves).
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The dielectric spectra for water and polystyrene were taken from
Dagastine et al. [11] and Dagastine et al. [10], respectively. The vol-
ume fraction function must be sampled at a sufficient number of
points to capture adequately the rate of change in volume fraction,
and thus verification of adequate sampling may be required for
volume fraction functions with large first derivatives. Increments
of 1 nm (upper curve) appear to be adequate sampling for this
calculation.

From the discussion of Figure 7 above, we recall that the Hamaker
function at separations below three coating thicknesses is dominated
by the properties of the outermost coating. If our discretized coating
is to mimic a continuously varying coating, we expect that smaller
thicknesses need to be chosen for the outer layers at smaller separa-
tions; in particular, the outer coating thickness must be small
compared with separation distance to reflect the effect of the outer
region of the diffuse film. The heuristic of 0.5�1nm per coating is
appropriate when the separation distance is greater than about
5nm. At smaller separations we probably overestimate the strength
of van der Waals attraction if the diffuse layer’s properties tend
toward those of the fluid separating the bodies. At separations below
5nm, a more rigorous approach would be to neglect retardation effects
and use the theory of Parsegian and Weiss [24].

Effect of Volume Fraction Distribution
In Figure 10 we compare the Hamaker functions calculated for

rough surfaces using various volume fraction profiles illustrated in
Figure 8. The effect of shape is evident, where the exponential decay
has the weakest interaction (low-volume fraction of PS near the outer
edge), and all three cases of surface roughness are significantly lower
than for smooth half spaces. It is interesting to note that, at any given
separation, the Hamaker function increases with the average PS
volume fraction for the diffuse coating: the average volume fractions
of PS in each diffuse coating are 69.7, 50, and 19.5% for the spherical,
linear, and exponential profiles, respectively.

Figure 11 attempts to isolate the effect of changes in shape while
keeping the thickness and the average volume fraction constant.
The three shapes explored are a linear increase, a linear decrease,
and a constant volume fraction with depth from the surface. All three
layers have a average volume fraction of 50%. For any given separ-
ation distance, coatings having less PS near the outer edge lead to
weaker attraction. Moreover, the differences between the three coat-
ings become greater as the separation distance gets smaller. The
reason is simple: the apparent dielectric properties of the coated
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halfspace correspond to those of the material within a few separation
distances of the outer edge of the coating (recall the discussion of
Figure 7). As those properties become more water-like, the interaction
becomes weaker. In particular, the coating whose volume fraction of
water approaches unity at the outer edge appears to have zero attrac-
tion at contact of the outer edge (actually, the Hamaker function is not
quite zero at contact). For near contact of two such coatings the
interaction is like that for two half spaces of water, separated by
water: zero attraction.

FIGURE 10 Effect of volume fraction profile on the Hamaker function for two
polystyrene half spaces separated by water. The volume fraction profiles used
were linear, exponential, and the profile for spheres adsorbed on the surface
(see Figure 8). The roughness layer thickness was 50nm for all three cases.
For comparison, the interaction between smooth surfaces is also shown. In
the insert the ordinate scale has been compressed to show the total variation
in the Hamaker function for smooth surfaces.

Calculation of van der Waals Forces 379

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
9
:
0
2
 
2
2
 
J
a
n
u
a
r
y
 
2
0
1
1



Interaction of a Sphere and a Flat
The interaction energy for a 7-micron diameter sphere above a flat

plate is shown in Figure 12. The interaction energy for two spheres or
a sphere and a flat (relevant to the TIRM experiments discussed later)
was calculated using Deraguin’s approximation [36],

VðhÞ ¼ 2pa1a2

ða1 þ a2Þ

Z1

h

� A132

12pL2
dL; ð16Þ

where a1 and a2 are the radii of the two PS spheres. The reduction in
value of the Hamaker function from surface roughness translates into
weakening of the attractive energy between a sphere and plate. The
above trend also is noted in Table 1 by a comparison of the interaction
energy values at contact (defined as hc ¼ 0.2 nm). The interaction
energy for the rough surface with an exponentially decaying density

FIGURE 11 Effect of the distribution in volume fraction on the Hamaker
function, A132(L), for two polystyrene parallel half spaces, keeping the average
volume fraction at 50%. The volume fraction density profiles all had a linear
functional form and a total thickness of 50nm. For comparison, the interaction
between smooth surfaces is also shown. In the insert, the ordinate scale has
been compressed to show the total variation in the Hamaker function.
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function is four orders of magnitude lower than the interaction for
smooth surfaces.

Several qualifications need to be mentioned here regarding Table 1.
In particular, these values are not expected to agree quantitatively
with any measurements of adhesive energies of PS spheres stuck to
a PS plate:

FIGURE 12 The van der Waals interaction energy between a rough plate and
a 7-micron sphere generated from the Hamaker functions given in Figure 11
for different volume fraction profiles.

TABLE 1 The van der Waals Attraction Energy at
Contact (hc ¼ 0.2 nm) Between a 7-micron Diameter
Sphere and a Plate

Volume fraction profiles Energy (kbT)

Exponential �1.3
Linear �11.4
Spheres �91
Smooth �12,500
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1. Lifshitz’s theory for the van der Waals interaction between smooth
surfaces diverges at contact owing to the inverse distance depen-
dence in Equation (2). This singularity also arises in Equation
(16) with coated surfaces as long as the properties of outermost
layer differ from water. To avoid this singularity we used a finite
cutoff distance of 0.2 nm [33]. The actual energies vary considerably
depending on what is chosen as this cutoff distance.

2. By discretizing the volume fraction profile into 1 nm slices, any cal-
culation of van der Waals interaction below about 5nm is likely to
contain discretization error, at least when the volume fraction
tends continuously to zero at the outer edge. To avoid this dicretiza-
tion error, outer layers need to be thin compared with the separ-
ation. Alternatively, the nonretarded theory of Parsegian and
Weiss [24] can be employed with a continuous volume fraction pro-
file.

3 Other phenomena not considered here are likely also to become
important in the limit of contact, such as deformation of the rough
surface as a result of the high compressive stresses.

Despite these qualifications, the observation that surface roughness
reduces the magnitude of the van der Waals interaction at contact
compared with two smooth surfaces is consistent with adhesion theory
and experiments where the strength of adhesion is dominated by local
surface asperities and not the overall geometry [37]. The smooth sur-
face for a sphere and plate has one clean contact point (Figure 13a),
whereas a rough surface may have several contact points (Figure
13b) and at the same time trapping additional water between the
two surfaces. The additional water in the region of contact can be
expected to weaken the attraction. The theoretical approach developed
using lateral smoothing (Figure 13c) bridges the differences between
Figures 13a and 13b. At contact, the van der Waals interaction is
dominated by the properties of the outermost coating, which is mostly
the intervening medium (water), significantly lowering the interaction
energy.

The above argument can be shown by examining the limiting form
of the van der Waals interaction for contact. The nonretarded
expression for energy [33] without factoring the distance dependence
out of the integral is given by

E132ðLÞ ¼
kbT

2p

X1
n¼0

0
Z1

0

kdk lnð1� D13D23e
�2kLÞ; ð17Þ
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where x ¼ 2kL. Equation (9) at contact (L ¼ 0) leads to

D31 ¼ D3cN : ð18Þ

The infinite interaction energy comes from the integral over k (or the
integral in x in Equation (3)). As k!1, the integrand behaves like
that for two identical coated halfspaces:

k lnð1� D2
3cN

Þ; ð19Þ

where the nonretarded limit, D3cN, is defined by Equation (1). The
above limit is divergent, but as ecN! e3, the rate of the divergence will
cN decrease, thus, the reduction in the interaction at a cutoff distance
is observed above. This is consistent with the results of Weiss et al.
[26] for inhomogeneous coatings on half spaces, where the rate of di-
vergence of the interaction energy at contact was dependent on the
how the dielectric permittivity of the coating approached that of the
medium outside. In particular, if both the dielectric permittivity and

FIGURE 13 (a) A smooth sphere in contact with a smooth plate. (b) A rough
sphere in contact with a rough plate where liquid is trapped between the two
solid surfaces. (c) A model system of a solid sphere and plate where the solid
sphere is covered with a series of coatings changing from mostly solid to mostly
liquid and back to solid going from the particle to the flat surface.

Calculation of van der Waals Forces 383

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
9
:
0
2
 
2
2
 
J
a
n
u
a
r
y
 
2
0
1
1



its derivatives are continuous at the outer edge of the coating, then the
interaction energy at contact remains finite.

Limitations of Lateral Smoothing

While the results of lateral smoothing of local asperities are qualitat-
ively consistent with the known weakening of attraction at contact
by surface roughness, quantitative applications of the methodology
may require separation distances larger than the lateral spacing of the
surface features. Mazur and Maradudin were limited to a L=a > 6 via
their derivation (where a is the transverse spacing of surface features),
but the results of Mazur and Maradudin apply only to a nonretarded
interactions with a Gaussian distribution of surface roughness, and
the interaction energy was derived via a Taylor series expansion to
leading order. The approach developed in this work may also be limited
to large L=a values, but it includes retardation, and the expression for
the interaction energy is not a truncated series expansion.

Lateral smoothing is less limited in describing a diffuse polymer
film. The approach employed in this work is the analogous retarded
discrete version of the results of [24, 26, 38] for calculating the nonre-
tarded interactions between surfaces with inhomogeneous dielectric
films. The diffuse polymer film is described as a series of coatings with
a volume fraction function based on the polymer density from the sur-
faces. Unlike the application to roughness, the lateral smoothing is
now on the molecular level, rather than the scale of features in surface
topography, so the mixture is a true solution for which the mixing rule
in Equation (13) is well suited.

COMPARISON WITH RETARDED VAN DER WAALS FORCE
MEASUREMENTS

We now compare the calculations with measurements of retarded
van der Waals attraction obtained with TIRM [38], first for two cases
with surface roughness [2] and then for one case having both surface
roughness and a physisorbed polymer coating [39].

Glass�PS Rough Surfaces

The interaction energy measured using TIRM between a 6-micron
diameter PS particle and a glass slide is shown in Figure 14 [2]. As
the NaCl concentration increases, double-layer repulsion becomes
screened, exposing the particle to more van der Waals attraction.
The roughness of the surfaces was characterized by AFM where the
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peak-to-valley roughness was found to be 25nm for the PS sphere [40].
The glass surface (a BK-7 glass microscope slide, Fisher Scientific,
Pittsburgh, PA, USA) was imaged using a Digital
Instruments (Santa Barbara, CA, USA) Nanoscope IIIa. The glass sur-
face was cleaned according to the same cleaning procedure used in
Bevan and Prieve [2] for glass slides. The AFM image (shown in
Figure 15) and volume fraction of glass as a function of depth is given
in Figure 6, where the peak-to-valley roughness is 3nm.

The van der Waals interaction was calculated for rough surfaces
using the lateral smoothing method with 2 coatings per nm of rough-
ness. The dielectric spectra for glass was estimated using a Cauchy
plot of refractive index in the visible portion of the spectrum [2, 33].
The theoretical curves in Figure 14 only include van der Waals attrac-
tion. While the measured attraction is noticeably weaker than
predicted between smooth surfaces, the calculations employing lateral
smoothing of the roughness result in better agreement, at least at

FIGURE 14 Potential energy profiles of the same 6 mm polystyrene particle
above a glass plate in aqueous solutions having different NaCl concentrations
[2]. The two curves correspond to the fully retarded van der Waals interaction
calculated for smooth and rough surfaces.
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separations above 50nm. The deviations at smaller separations might
be the breakdown in the lateral smoothing approximation as the sep-
aration becomes smaller than the lateral spacing of surface features.
The strength of attraction would also be overestimated at close separa-
tions if the AFM tip was unable to penetrate pores smaller than the tip.

PS�PS Rough Surfaces

Figure 16 shows potential energy profiles measured using TIRM
between several 6-micron PS particles and a PS flat in the presence
of 1.1mM sodium dodecyl sulfate [2]. The PS plate is rougher than
the glass surface with a peak-to-valley roughness of 10nm [2], while
roughness of the PS sphere was assumed to be the same as in Figure
14. There is some variability in the location of the minimum in the
experimental data. This probably arises because the three profiles
were taken on three different PS spheres, located over different
regions of the PS plate. The variability might result from different

FIGURE 15 Topography of a BK-7 glass slide obtained using AFM. The
height scale is 0�3nm and the scan size is one square micron.
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charge densities on the three spheres or local variations in the charge
density on the plate. The two theoretical curves are for smooth and
rough surfaces. As in Figure 14, accounting for roughness in the calcu-
lations weakens the van der Waals attraction to about what is
measured. Given that there are no adjustable parameters in the
model, the improved agreement between theory and experiment in
both Figures 14 and 16 is quite remarkable.

Diffuse Polymer Films on Rough Surfaces

Bevan and Prieve [39] used TIRM to measure van der Waals attrac-
tion between a 6-micron PS particle and a PS plate when the particle
was levitated by steric repulsion between physisorbed layers of F108
Pluronic (BASF, Mt. Olive, NJ, USA) on each surface. Comparing
van der Waals attraction between Pluronic-coated surfaces with
that between bare surfaces at the same separation between the PS

FIGURE 16 Potential energy profiles for three different 6-micron diameter
PS particles above a PS flat in 1.1mM SDS measured with TIRM [2]. The
two theoretical curves correspond to the fully retarded van der Waals inter-
action calculated for smooth and rough surfaces.
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substrates, they found that the addition of the Pluronic strengthed
the van der Waals attraction at long range while causing steric repul-
sion at short range. Now we will attempt to predict that strengthing
by modeling the adsorbed Pluronic layer as a diffuse film on top of a
rough surface.

F-108 Pluronic1 is a tri-block copolymer of polyethylene oxide
(PEO) and polypropylene oxide (PPO) blocks in the form of PEO-
PPO-PEO with a molecular weight of 14,000 (for more information
on the material properties see Bevan and Scales [41]). The adsorbed
polymer forms a diffuse brush on each surface such that the polymer
density function decays to zero at approximately 15nm from the PS
surface [39, 42] (see Bevan and Scales [41]). The polymer density
function for the Pluronic used in the TIRM measurements is not avail-
able, but neutron scattering data for a similar block copolymer was
used in the roughness calculations [42]. Tracking the volume fraction
of a diffuse polymer film adsorbed on a rough surface poses a complex
geometrical accounting of the surface as shown in Figure 17, a sche-
matic of a two-dimensional cross section of an AFM image of a PS sur-
face. In each horizontal layer, there are a water volume fraction, a PS
volume fraction, and a Pluronic volume fraction, but the Pluronic den-
sity is decaying normal to the interface, resulting in a gradient of poly-
mer volume fractions being sampled in the horizontal coating. Cross
sections from a two-dimensional grid on the PS topography image
were used to construct the volume fraction functions. For each cross

FIGURE 17 A schematic of a two-dimensional cross section of a PS AFM
image where a 15nm polymer film has been added. The horizontal coating
is used in the lateral smoothing method, and the individual volume fraction
of the PS, water, and adsorbed polymer are used to determine the average
material properties.
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section, a 15nm polymer coating was added, where the polymer den-
sity decayed normal to the surface (which is not the direction normal
to the underlying smooth substrate). The polymer density function
was sectioned into 30 coatings and the individual volume fractions of
the polymer film were tracked as a function of height from the surface
with the volume fraction of PS assigned using the same technique as
in the surface roughness case above. The results of each cross-sec-
tional analysis were compiled to construct the volume fraction func-
tions for the surface. The high salt concentrations of the TIRM data
completely screen the n ¼ 0 term in the van der Waals expressions,
but for completeness we derived an expression for electrolyte in the
multilayer Hamaker function form in Equations (3) and (10). The
amount of screening from electrolyte in each coating was based on
the fraction of water (discussed in detail in Appendix A).

FIGURE 18 The interaction energy of a 6.3-micron PS particle above a PS
flat surface with diffuse polymer films adsorbed on each surface in the
presence of 400mM potassium chloride measured with TIRM [39]. The two
theoretical curves correspond to the fully retarded van der Waals interaction
energy for this system for rough surfaces according to Figure 16, where the
solid curve also accounts for the polymer films.
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First, we predicted the attraction between two rough surfaces in the
absence of polymer (see Figure 18). Once again, no attempt was made
to predict the repulsive interaction. Figure 18 also shows the interac-
tion energy measured between a PS particle and a PS plate with F108
Pluronic adsorbed on each surface, in the presence of a high concen-
tration of a binary electrolyte [39]. Zero separation distance corre-
sponds to contact of the outer edges of the two Pluronic layers, or
30nm separation between the outer edge of the rough PS substrates.
Due to the high salt concentration screening the electrostatic forces,
the only significant colloidal forces are the long-range attraction from
van der Waals forces and the short-range steric repulsion arising from
overlap of the polymer films.

Modeling the van der Waals force in this system adds another level
of complexity because there is now an adsorbed layer on a rough sur-
face. The result is good agreement between the theoretical calculation
and the experimental results in Figure 18 when the effect of the
polymer film is taken into account.

IMPORTANCE OF REFERENCE FRAME

When describing the effect of surface roughness or adsorbed polymer
on van der Waals forces, the distance used for comparison is crucial.
For example, you could compare results defining contact of the outer-
most surfaces as zero separation or you could define the (hypothetical)
contact between the polystyrene substrates as zero. The results in
Figures 14 and 16 indicate that the effect of surface roughness is to
weaken the magnitude of the van der Waals interaction compared with
smooth surfaces. This conclusion is based on a reference frame in
which the separation distance is measured from contact of the outer-
most edges of the two interacting surfaces when roughness is added
to the surface. On the other hand, if separation between rough
surfaces is defined as the distance between the pure PS substrates,
the addition of roughness would appear to strengthen attraction
compared with smooth surfaces.

Contact of the outermost asperities is the natural choice as the defi-
nition for zero separation in TIRM experiments because separation
distance is obtained by comparing the intensity of a levitated particle
with the intensity of a stuck particle (where sticking is caused by salt-
ing out double-layer repulsion). There might be some squashing of the
largest asperities by strong attraction, but for most hard materials
this is more likely to be negligible than complete compression of all
of the asperities.
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Like roughness, the adsorption of soluble polymer films will also dec-
rease the van der Waals interaction if we define contact of outermost
edges of the polymer layers as the zero of separation distance. Then
the addition of the diffuse polymer film acts, as a first approximation,
to increase the separation between the PS substrates (see Figure 18)
and to weaken van der Waals attaction. On the other hand, if instead
we define contact of the PS substrates as the zero of separation in both
cases, then the adsorption of the diffuse polymer coating of thickness l
on each surface at a fixed separation distance greater than 2l, the main
effect is to add material having properties slightly different from water
(the intervening medium). Because the soluble polymer has a nonzero
D relative to water, the two polymer layers will attract one another,
adding to the attraction between the PS substrates.
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APPENDIX: EFFECT OF ELECTROLYTE

The Effect of Electrolyte without Coatings

Following van Kampen et al. [21], in the absence of free charges the
potential satisfies Laplace’s equation,

r2/ rð Þ ¼ 0; ð20Þ

where r is the position vector. At the boundary, / and e(x) d/=dz are
continuous, where z is the distance normal to the interface. In the
presence of free charges, the concentration of charge is coupled with
potential according to

r2/ rð Þ ¼ � q rð Þ
e xð Þ ¼ �j2/ rð Þ; ð21Þ

where q is the local density of charge and j�1 is the Debye length,

j ¼

P
i

nie
2z2i

eeokbT

0
B@

1
CA

1
2

: ð22Þ
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The presence of charge in the intervening medium causes a screening
of the zero frequency term. The derivation for the n ¼ 0 term in
Equation (3) with electrolyte begins with Equation (21) and ends with
[43]

A132 Lð Þ ¼ � 3

4
kbT

Z1

0

x ln 1� D13D23e
�s½ �dx; ð23Þ

Dj3 ¼
ejx� e3s
ejxþ e3s

s2 ¼ x2 þ 4 jLð Þ2;

where zi is the charge on the ith species, e is the dielectric constant, eo
is free space permittivity, e is the charge on an electron, and ni is the
number density of each ion species.

The Effect of Electrolyte with Coatings

We apply the approach outlined in Mahanty and Ninham [43] and
Barouch et al. [44] for the case with multiple coatings with charge in
each coating. For a single coating, the analog of Equation (5) is

D31 bð Þ ¼ D34 þ D41e
� bb4=Lð Þ

1þ D34D41e� bb4=Lð Þ ; ð24Þ

where

b2i ¼ x2 þ 4 jiLð Þ2; ð25Þ

where jj is the Debye length for each coating, or j for medium 3. To
assign a Debye length to each layer would require knowledge of how
the ion concentrations vary with position. This requires a detailed
description of rough surface and a numerical solution to the Poisson-
Boltzmann equation [16]. We assume that the screening in a coating
is determined by the ions in the aqueous fraction and that the solid
fraction does not contribute to the screening (neglecting surface
charge). Furthermore, we neglect local variations in ion concentration
from surface roughness and assume the ion concentration is based on
the bulk Debye length. Thus, we set the coating Debye length to the
product of the Debye length for smooth surfaces with the aqueous
volume fraction for each coating.

Neglecting local changes in ion concentration from surface rough-
ness is reasonable due to the somewhat insensitive nature of screening
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to small changes in electrolyte concentration. To illustrate this point,
one can examine the form of a common scaling factor to account for
screening in the static term between two smooth half spaces in the
presence of electrolyte given by [28]

ð1þ jLÞ expð�2jLÞ; ð26Þ

where for binary electrolytes a hundredfold change in bulk concen-
tration (e.g., 0.1mM to 10mM) leads to only a tripling of the effects
of screening. The above approach can be generalized to any number
of coatings in analogous manner to Equation (9), such that

D31ðc1; c2; :::; cNÞ ¼
D3N þ DN1ðc1; c2; :::; cN�1Þe�ðcNbN=LÞ

1þ D3NDN1ðc1; c2; :::; cN�1Þe�ðcNbN=LÞ
ð27Þ

is valid, where bN is defined by Equation (25).
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